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Abstract
The present article studies variational principles for the formulation of static and dy-
namic problems involving Kirchhoff rods in a fully nonlinear setting. These results, some of
them new, others scattered in the literature, are presented in a systematic way, helping to
clarify certain aspects that have remained obscure. In particular, the study of transversely
isotropic models reveals the delicate role that differential geometry plays in their formula-
tion and unveils consequently some approximations that can be made to obtain simplified
formulations.
1 Introduction
Since the seminal work of Kirchhoff in 1859 on rods subjected to bending and twisting, there
have been innumerable works devoted to the study of such models, starting from the classical
contributions by Clebsch [1], the Cosserat brothers [2], and Love [3]. The topic, already fairly
mature, is certainly rich and has motivated detailed analyses during the last fifty years [4, 5, 6,
7, 8, 9, 10]. Other recent contributions continue to research more specific aspects of the theory
like its stability [11, 12], the Hamiltonian structure [13, 14], discrete models [15], relations with
differential geometry [16], etc.
Despite being such a classical topic, there is a reborn interest in using and analyzing nonlinear
Kirchhoff rods, since they have found applications in fields as disparate as DNA modeling [17,
18, 19], hair simulation [20, 21], cables [22, 23], Mo¨bius bands [24], oil-well drill-strings [25],
computer graphics [26], space tethers [27], vortex-jet filaments [28], knots [29, 30], climbing
plants [31], catheters for medical interventions [32], etc. In many of these situations, numerical
methods provide the only means for arriving to useful solutions, motivating new developments
in the computational side [33, 34, 35, 36, 37].
In this work, we focus on variational formulations of Kirchhoff rods, and discuss in detail
aspects related to their restriction to the transversely isotropic case. Our interest in the varia-
tional approach is mainly due to the fact that it represents the basis of Galerkin-type numerical
methods, most notably finite elements. Motivated by the development of more efficient numerical
methods, novel Kirchhoff formulations have been proposed in recent years [23, 35, 36, 37] that
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demand a careful analysis, and studying their variational structure seems a useful starting point.
The latter provides a solid setting for the geometry of the configuration space and a rigorous
path for obtaining the governing equations of the problem, as well as the consistent boundary
and initial conditions.
Variational principles for Kirchhoff rods are, of course, not new and many references can be
found where the governing equations of the rod are found from the stationarity conditions of
some potential energy [8, 7], in the case of a quasistatic problem, or Hamilton’s action, in a
dynamic context [13, 38]. The easiest way to formulate them is to use variational principles for
geometrically exact rods with shear deformation [39, 40], and then constrain the cross section
orientation to be orthogonal with respect to the tangent vector of the curve that describes the rod
in the ambient space, following Kirchhoff’s hypothesis. This results in constrained optimization
principles that are far from optimal from the computational point of view.
We review under which conditions the equations of a Kirchhoff rod can be obtained from a
variational principle without constraints. The key for such type of formulations is to eliminate
the rotation group from the configuration space of the rod [7, 23, 35, 41, 42] and replace it with
a simpler set that already accounts for the Kirchhoff constraint. It will be shown that it is
indeed possible to formulate such models, and provide the variational principle behind them, but
only when the rod is transversely isotropic. This is a very common situation both for analysis
[7, 23, 35] as well as applications [17, 30, 23, 42], so its study is of practical value. There are
delicate assumptions that are sometimes implicitly made in this transformation, assumptions
that are not longer valid for dynamic problems. In the latter situation, we show what other
simplifications need to be done if the full rotation group is to be left out of the formulation.
In view of the previous arguments, two types of variational principles are presented first: one
constrained principle for (static and dynamic) general Kirchhoff rods, and a second family of
principles for rods with isotropic cross sections. Finally, we will formulate a variational principle
that is valid for general rods but, when applied to transversely isotropic ones, decouples in a
certain way, making it very appealing for general purpose numerical applications.
The remainder of the article is structured as follows. Section 2 presents a collection of results
coming from differential geometry that will play a key role in the definition of configuration
spaces. In Section 3 we describe general concepts of nonlinear rods, including deformation
measures, stress resultants, and momenta. These concepts will be used throughout the rest of
the article. Section 4 presents a constrained variational principle for the static and dynamic
analysis of extensible and inextensible Kirchhoff rods with general cross sections. Section 5
departs from the main argument of the article to introduce and discuss parametrizations of the
rotational group as composite rotations. This is the key geometrical argument behind rod models
that eliminate the rotation group from their configuration space, and hence we review it carefully.
With these results at hand, we discuss in Section 6 variational principles for transversely isotropic
Kirchhoff rods, carefully distinguishing between the quasistatic and dynamic cases, since there
are different sets of hypotheses in each case. A variational principle suitable for general and
transversely isotropic rods is described in Section 7. Finally, the main results of the article are
summarized in Section 8.
2 Geometrical concepts
Differential geometry plays a critical role in the description of nonlinear structural models, and
rods in particular. We review in this section the geometrical concepts employed in subsequent
sections.
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2.1 The unit sphere
The unit sphere S2 plays a key role in the formulation of the rod models discussed in this article.
For completeness, and to clarify the notation, we summarize some of its main features, leaving to
other references more detailed descriptions [43, 44, 45]. This set is a nonlinear, smooth, compact,
two-dimensional manifold defined as
S2 :=
{
d ∈ R3 | d · d = 1
}
, (1)
where the dot product refers to the standard Euclidean inner product. In the context of structural
mechanics, especially rods and shells, elements of S2 are sometimes referred to as directors [46, 47]
since they are used in this type of models to describe relevant geometrical directions. Special
attention must be paid to the fact that this manifold possesses no special algebraic structure,
specifically group-like structure.
The tangent bundle of the unit 2-sphere is the manifold
TS2 :=
{
(d, c), d ∈ S2, c ∈ R3, d · c = 0
}
. (2)
Tangent vectors at a point d ∈ S2 can be alternatively be described by the relations
c = w × d, with w · d = 0 , (3)
where the symbol “×” denotes the cross product between vectors in R3.
The unit 2-sphere, together with the metric inherited from R3 has the structure of a Rieman-
nian manifold. By embedding the manifold in Euclidean three dimensional space, the covariant
derivative of a smooth vector field v : S2 → TS2 along a second vector field w : S2 → TS2 is
the vector field ∇wv, which evaluated at d ∈ S
2 coincides with the projection of the derivative
Dv in the direction of w onto the tangent plane to d. If I denotes the second order unit tensor
and ⊗ the dyadic product between vectors, this projection can be expressed as
∇wv := (I − d⊗ d) Dv ·w . (4)
In particular, if d : (a, b) → S2 is a smooth one-parameter curve on the unit sphere and d′ its
derivative, the covariant derivative of a smooth vector field v : S2 → TS2 in the direction of d′
can be evaluated as
∇d′v = (I − d⊗ d) Dv · d
′ = (v ◦ d)′ − ((v ◦ d)′ · d)d, (5)
which, as before, is nothing but the projection of (v ◦ d)′ onto the tangent space TdS
2.
2.2 The special orthogonal group
The set of proper orthogonal tensors also plays a prominent role in rod theories and can be
defined as
SO(3) :=
{
Λ ∈ R3×3, ΛTΛ = ΛΛT = I, detΛ = 1
}
. (6)
This set possesses a group-like structure when considered with the tensor multiplication opera-
tion, and it is also a smooth manifiold, hence it is a Lie group. Its Lie algebra is the set
so(3) :=
{
wˆ ∈ R3×3, wˆ = −wˆT
}
. (7)
An isomorphism exists between vectors in R3 and so(3) defined as ·ˆ : R3 → so(3) such that for
all w,a ∈ R3, the tensor wˆ ∈ so(3) satisfies wˆa = w × a. The vector w is referred to as the
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axial vector of the skew-symmetric tensor wˆ and we also write skew[w] = wˆ. The exponential
map exp : so(3) → SO(3) is a surjective application with a closed form expression given by
Rodrigues’ formula
exp[θˆ] := I +
sin θ
θ
θˆ +
1
2
sin2(θ/2)
(θ/2)2
θˆ2 , (8)
with θ ∈ R3, θ = |θ|, and | · | denotes the Euclidean norm. The linearization of the exponential
map is simplified by introducing the map dexp : so(3)→ R3×3 that satisfies
d
dǫ
exp[θˆ(ǫ)] = skew[dexp[θˆ(ǫ)]θ′(ǫ)] exp[θˆ(ǫ)] (9)
for every θ : R→ R3. Explicit expressions of this map, and more aspects regarding the numerical
treatment of the rotation group can be found elsewhere [48, 49, 45].
2.3 Composite rotations
For any director d, the three-dimensional Euclidean space can be expressed as the direct sum
R
3 ∼= TdS
2 ⊕ span(d) , (10)
where span(d) is the linear subspace spanned by d. Given now two directors d, d˜, we say that a
second order tensor T : R3 → R3 splits from d to d˜ if it can be written in the form
T = T⊥ + T‖ , (11)
where T⊥ is a bijection from TdS
2 to Td˜S
2 with ker(T⊥) = span(d), and T‖ is a bijection from
span(d) to span(d˜) with ker(T‖) = TdS
2. The split (11) depends on the pair d, d˜ but it is not
indicated explicitly in order to simplify the notation.
Let us now consider a one-parameter curve in S2 denoted dt with t ∈ [0, T ]. If d is an
arbitrary point on dt, the two dimensional space TdS
2 can be viewed, when S2 is embedded in
R3, as a tangent plane to the unit sphere at d. Between Td0S
2 and TdS
2 there exist, hence,
infinite isomorphisms. For example, parallel transport along dt provides a natural map between
these two vector spaces. Another useful transformation can be obtained from the unique rotation
χ ∈ SO(3) that maps d0 to d without drill, as long as d0 6= −d, and defined by
χ[d0,d] := (d0 · d)I + d̂0 × d+
1
1 + d0 · d
(d0 × d)⊗ (d0 × d) . (12)
The map χ[d0,d] splits from d0 to d and we can define
χ⊥[d0,d] = χ− d⊗ d0 , χ‖[d0,d] = d⊗ d0 . (13)
The map χ⊥[d0,d] is, by definition, a bijection between Td0S
2 and TdS
2 which, in contrast with
the one defined by parallel transport, does not depend on the whole curve dt but only on the
directors d0 and d.
Given a rotation χ that splits from d0 to d and any scalar ψ ∈ S
1 (the unit circle), the map
Λ = exp[ψ dˆ]χ = χ exp[ψ dˆ0] (14)
is also a rotation that splits from d0 to d. Geometrically, Λ maps vectors on Td0S
2 to TdS
2 with
a drill angle equal to ψ. This map will play a key role in the theory that follows.
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2.4 The Bishop (natural) frame and torsion
In the current context, it is desirable to describe the cross-section orientation along the rod by
means of an orthogonal frame that is somehow intrinsically related to the curve that describes
the rod in the ambient space.
To introduce such a rotation field, let r : [0, L]→ R3 be a one-parameter curve with deriva-
tive r′. Let us assume that this curve is regular, that is, r′ 6= 0 everywhere on its domain.
Additionally, we assume, without loss of generality, that the curve is arc-length parametrized,
i.e. , |r′| = 1. Now, let us consider u,v : [0, L]→ S2 such that {u,v, r′} are mutually orthogo-
nal vector fields along the curve. We say that {u,v, r′} minimizes the rotation if the following
conditions
u′ · v = u · v′ = 0 (15)
are satisfied. Let {u(s0),v(s0), r
′(s0)} = {u0,v0, r
′
0
} be a known value of the orthonornal triad
for some s0 ∈ (0, L). Using this frame as initial condition, Eqs. (15) can be integrated along r,
defining uniquely the vector fields u and v at all points of the curve. This curve has Darboux
vector
k = r′ × r′′ , (16)
which plays an essential role in defining parallel transport.
To analyze the concept of torsion in transported frames, let us consider the rotation field
exp[ψ rˆ′], with ψ : [0, L]→ S1, and the rotated triad {uψ,vψ, r
′} = exp[ψ rˆ′]{u,v, r′}, with
uψ = cos(ψ)u + sin(ψ)v , vψ = − sin(ψ)u+ cos(ψ)v . (17)
The rotated frame has Darboux vector
ω = k + ψ′r′, (18)
or, equivalently,
ω = −(vψ · r
′′)uψ + (uψ · r
′′)vψ + ψ
′r′ , (19)
where ψ′ is the torsion and ψ is the torsion angle (for further details, see [50, 7]). The previous
calculations show that the frame {u,v, r′} – which is known as the natural or Bishop frame – is
the unique one obtained by transporting {u0,v0, r
′
0
} along the curve without torsion.
Given, as before, a known frame {u0,v0, r
′
0
} at a point s0 ∈ (0, L), one could transport it
along the curve using the drill-free rotation given by Eq. (12). Ignoring, for the moment, that
this map is only defined as long as r′ 6= r′
0
, we note that this alternatively transported frame
has, in general, an induced torsion. To see this, we observe that the Darboux vector emanated
from the drill-free rotation χ[r′
0
, r′] is
ωχ = r
′ × r′′ + (a · r′′) r′ , (20)
where
a = −
d0 × r
′
1 + d0 · r′
. (21)
The vector a, responsible for the torsion of the transported frame, is non-vanishing in general,
as anticipated.
More importantly, the term a · r′′ in the curvature ωχ is non-integrable, meaning that there
is no scalar function such that its derivative with respect to arc-length produces torsion in the
sense of Eq. (19). As a result, the drill-free map cannot be corrected via a composite map (14)
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yielding a frame that has no torsion. To verify this assertion, we calculate the Darboux vector
of this composite map to be
ωΛ = r
′ × r′′ + (ψ′ + a · r′′) r′ . (22)
If the map is to have vanishing torsion, the rotation angle ψ would have to satisfy
ψ′ + a · r′′ = 0 , (23)
or, explicitly,
ψ(s) = −
∫ s
s0
a · r′′ dµ , (24)
which clearly is a non-local quantity.
3 Geometrically exact rods
We define in this section general concepts related to the kinematics of geometrically exact rods,
that is, rod models for which no approximation whatsoever is made on the size of their defor-
mation. We describe first a very general model and then we indicate what constraints can be
imposed on it to obtain theories with reduced kinematics.
3.1 General description
As customary, a rod is defined to be a three-dimensional deformable body whose length is much
larger than its other two dimensions. Such a body can be described by a curve in R3 and a cross
section at every point of the curve whose intersection is precisely the barycenter of the section.
We will henceforth assume that these cross sections remain plane and undistorted at all possible
configurations of the rod. Models that account for the distorsion of the cross section can be
found elsewhere (e.g. , [8]).
Let L denote the length of the rod’s centerline in the undeformed configuration, and s ∈ [0, L]
an arc-length coordinate employed to identify each point of the rod. To describe the configuration
of the rod we select a fixed coordinate system with a Cartesian orthonormal basis {Ei}
3
i=1. The
position of the centerline point of arc-length coordinate s is denoted r(s). Moreover, since the
cross section of the rod is assumed to remain plane and undistorted at all configurations, two
orthonormal vectors {e1(s), e2(s)} span the cross section with coordinate s at all time, and we
assume that they are material vectors. Defining a third unit vector e3(s) = e1(s)×e2(s) we can
uniquely identify the orientation of the cross section at s by the tensor Λ(s) ∈ SO(3) such that
Λ(s)Ei = ei(s) . (25)
To make the presentation more precise, let us consider a rod that is clamped at s = 0. Based
on the previous description, the configuration manifold of a general rod of this type is the set
Q :=
{
(r,Λ) : [0, L]→ R3 × SO(3), r(0) = r¯, Λ(0) = Λ¯
}
, (26)
where the functions r and Λ are assumed to be smooth and r¯, Λ¯ are known. Let us stress here
that this configuration space is not for Kirchhoff rods, but for general models.
Among all possible configurations in Q, the reference configuration of the rod is defined to be
(r0,Λ0), and we choose, without any loss of generality, that the argument of these two functions
coincides with the arc-length of the curve defined by r0, i.e. ,
|r′
0
(s)| = 1 , (27)
for all s ∈ [0, L].
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3.2 Strain measures
We study next all the possible ways in which a general rod, as defined in Section 3.1, can deform.
More detailed discussions of the deformation modes of these rods can be found in [40, 8].
The first deformation measure is the axial strain, and gauges the local relative value of the
rod elongation, defined as
ǫ := (r′ · e3)− 1 . (28)
The second measure is the shear strain, and it is defined as the vector
σ := (r′ · eα) eα with α = 1, 2 . (29)
The relative change in the normal to the cross section is accounted for by the bending strain
κ := e3 × e
′
3
. (30)
The last measure is the torsional strain defined as the scalar
τ := e2 · e
′
1
, (31)
and accounts for the relative rotation of the cross section about the director. For convenience,
these measures are often gathered in two vectors
γ := σ + ǫ e3 , ω := κ+ τ e3 , (32)
which can be related with the centerline vector and orientation rotation through the relations
γ = r′ − e3 , ωˆ = Λ
′
Λ
T . (33)
The vectors γ and ω are spatial strain measures whose convected counterparts are, respectively,
Γ := ΛTγ , Ω := ΛTω . (34)
and from these, we define the convected shear and bending strains
Σ := ΛTσ , K := ΛTk , (35)
respectively. All of these measures are frame invariant under the (left) action of the special
Euclidean group SE(3), i.e. , the group of isometries on the configuration space Q. See [40, 8].
3.3 Stored energy and stress resultants
In this section we study the most general hyperelastic model for a rod, and identify the stress
resultants that are work-conjugate to the strains identified in Section 3.2.
To start, let us postulate the existence of an objective stored energy function of the form
U = U(σ, ǫ,κ, τ ; s). The objectivity of this function implies that
U(σ, ǫ,κ, τ ; s) = U(Qσ, ǫ,Qκ, τ ; s) (36)
for every Q ∈ SO(3). By selecting, in particular, Q = ΛT , it follows that
U(σ, ǫ,κ, τ ; s) = U˜(Σ , ǫ,K, τ ; s). (37)
Hence, by expressing the stored energy in terms of convected measures — which are invariant
under the action of the special Euclidean group — we guarantee its objectivity.
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The differential of the stored energy function can be calculated as
d U˜ =
∂U˜
∂Σ
· dΣ +
∂U˜
∂ǫ
d ǫ +
∂U˜
∂K
· dK +
∂U˜
∂τ
d τ , (38)
and we define the convected stress resultants
Ξ :=
∂U˜
∂Σ
, n‖ :=
∂U˜
∂ǫ
, M⊥ :=
∂U˜
∂K
, m‖ :=
∂U˜
∂τ
, (39)
which are work conjugate, respectively, to the shear, axial, bending, and torsional strain measures
in their convected form. The spatial stress resultants are the push-forwards (ξ, n‖,m⊥,m‖) =
(ΛΞ , n‖,ΛM⊥,m‖).
For the remainder of this article, we will focus on beammodels that have no shear deformation,
i.e. Ξ = 0. In these situations, hence, it will be unnecessary to account for the contribution
to the internal energy due to shear and we will always assume that the latter is of the form
U˜ = U˜(ǫ,K, τ ; s).
3.4 Momenta and kinetic energy
Let us now consider a motion of the rod, that is, a time-parameterized curve in configuration
space described by a pair of functions (r(s, t),Λ(s, t)) such that (r(·, t),Λ(·, t)) ∈ Q for all
t ∈ [0, T ]. Using a superposed dot as the notation for the derivative with respect to time, the
generalized velocity of the rod is the vector field (r˙, Λ˙) belonging, for every t ∈ [0, T ], to the
tangent bundle
TQ :=
{
(r,Λ;y,Y ) : [0, L]→ R3 × SO(3)× R3 × TSO(3), y(0) = 0, Y (0) = 0
}
. (40)
The time derivative of the centroid position is the velocity v = r˙, and the derivative of the
rotation can be written as
Λ˙ = wˆΛ = ΛŴ , (41)
where w and W are the spatial and convected angular velocities, respectively. These fields can
be split as in
w = w⊥ + w‖e3 , W =W⊥ +W‖E3 , (42)
with
w⊥ = e3 × e˙3 , W⊥ = Λ
Tw⊥ . (43)
The kinetic energy density of the rod is defined as
k :=
1
2
Aρ|v|
2 +
1
2
w · iρw . (44)
The constant Aρ is equal to the product of the cross section area and the density of the rod’s
material. The tensor iρ is the spatial inertia of the cross section. The convected inertia, constant
in time, is the pullback of iρ to the reference configuration, namely,
Iρ := Λ
T iρΛ . (45)
The convected inertia Iρ : R
3 → R3 is a second order, symmetric, positive definite tensor that
splits from E3 to E3, i.e. , it is of the form
Iρ = I⊥ + I‖E3 ⊗E3 , (46)
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where I⊥ maps bijectively span(E1,E2) onto itself and satisfies I⊥E3 = 0. By pushing this
inertia to the current configuration, we find that the spatial inertia admits a similar split
iρ = i⊥ + i‖ e3 ⊗ e3 , (47)
where now i⊥ splits from e3 to e3. As a consequence of the structure of the inertia tensor, the
rotational part of the kinetic energy density can be written in the following equivalent ways:
1
2
w · iρw =
1
2
W · IρW =
1
2
W⊥ · I⊥W⊥ +
1
2
I‖W
2
‖ =
1
2
w⊥ · i⊥w⊥ +
1
2
i‖ w
2
‖. (48)
The translational and rotational momenta of the rod are conjugate to the velocities as in
p :=
∂k
∂v
= Aρv , and pi :=
∂k
∂w
= iρw , (49)
and we note that we can introduce a convected version of the momentum pi by pulling it back,
as before, and defining
Π := ΛTpi =
∂k
∂W
. (50)
Due to the particular structure of the inertia the momenta can also be split, as before, as in
pi = pi⊥ + π‖e3 , Π = Π⊥ +Π‖E3 (51)
with
pi⊥ = i⊥w⊥ , Π⊥ = I⊥W⊥, π‖ = Π‖ = i‖w‖ = I‖W‖ . (52)
4 The canonical variational principle for Kirchhoff rods
In this section we obtain the governing equations of Kirchhoff rods from Hamilton’s principle of
stationary action in the most straightforward way.
4.1 Lagrangian
Kirchhoff rods are a subclass of the general rod models described in Section 3, with the condition
of vanishing shear deformation, i.e. , Σ = 0. In view of Eq. (29), this constraint is equivalent
to having r′ parallel to the vector e3, or equivalently
0 = (ΛTr′)×E3 . (53)
Instead of trying to define a configuration space for this class of rods, we will work with the
general space defined in Eq. (26), and constrain the kinematics of the model using Lagrange
multipliers to impose pointwise relation (53).
To make the exposition as simple as possible, we assume that the rod is clamped at the
section corresponding to s = 0. Moreover, a known conservative distributed force, per unit of
reference length, n¯ : [0, L] → R3 is applied along the rod, and a conservative point force n˜ is
applied at the free end, namely s = L. Under this loading, the potential energy of the rod is
V =
∫ L
0
U˜(ǫ,K, τ ; s) ds−
∫ L
0
n¯ · r ds− n˜ · r(L) . (54)
Using the definitions of Section 3.4, the kinetic energy of this system can be calculated to be
T =
∫ L
0
(
1
2
Aρ|r˙|
2 +
1
2
w · iρw
)
ds , (55)
and the Lagrangian is just L = T − V .
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4.2 Variations of the strain measures and rates
The stationarity conditions for the action will be obtained using calculus of variations. We gather
next some results that will prove necessary for the computation of the functional derivatives and,
later, for the linearization of the model.
To introduce these concepts, let us consider a curve of configurations (rι,Λι) parametrized
by the scalar ι and given by
(rι(s, t),Λι(s, t)) =
(
r(s, t) + ι δr(s, t), exp[ι δ̂θ(s, t)]Λ(s, t)
)
, (56)
where δr : [0, L]× [0, T ]→ R3 and δθ : [0, L]× [0, T ]→ R3 are arbitrary variations that satisfy
δr(0, t) = δr(s, 0) = δr(s, T ) = 0 , δθ(0, t) = δθ(s, 0) = δθ(s, T ) = 0 . (57)
The curve (rι,Λι) passes through the configuration (r,Λ) when ι = 0 and has tangent at this
point equal to
∂
∂ι
∣∣∣∣
ι=0
(rι,Λι) =
(
δr, δ̂θΛ
)
. (58)
For future reference let us calculate the variation of the derivative Λ′. To do so, let us first define
the arc-length derivative of the perturbed rotation, that is,
∂
∂s
Λι =
∂
∂s
exp[ιδ̂θ]Λ = skew
[
dexp[ιδ̂θ]ιδθ′
]
Λ+ exp[ιδ̂θ]Λ′ . (59)
Then, the variation of Λ′ is just
δ(Λ′) =
∂
∂ι
∣∣∣∣
ι=0
∂
∂s
Λι = δ̂θ′Λ+ δ̂θΛ
′ . (60)
With the previous results we can now proceed to calculate the variations of the strain measures,
as summarized in the following theorem.
Theorem 4.1. The linearization of the three strain measures (ǫ,K, τ) is
δǫ = e3 · δr
′ + e3 × r
′ · δθ ,
δK = ΛT (I − e3 ⊗ e3)δθ
′ ,
δτ = e3 · δθ
′ .
(61)
Proof. The strain measures of the one-parameter curve of configurations (rι,Λι) are
ǫι = r
′
ι · e3,ι − 1 , Kι = E3 × (Λ
T
ι e
′
3,ι) , τι = e2,ι · e
′
1,ι (62)
where ei,ι = ΛιEi. The variation of the axial strain measure is computed as follows:
δǫ =
∂
∂ι
∣∣∣∣
ι=0
(r′ι · e3,ι − 1) = e3 · δr
′ + e3 × r
′ · δθ . (63)
The variation of the bending strain is obtained from its definition employing some algebraic
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manipulations and expression (60) as follows:
δK =
∂
∂ι
∣∣∣∣
ι=0
(
E3 × (Λ
T
ι e
′
3,ι)
)
= E3 ×
(
δΛTΛ′E3 +Λ
T δΛ′E3
)
= ΛT
(
e3 ×
(
δ̂θ′ × e3
))
= ΛT (δθ′ − (δθ′ · e3)e3)
= ΛT (I − e3 ⊗ e3)δθ
′ .
(64)
The linearization of the torsional strain follows similar steps:
δτ =
∂
∂ι
∣∣∣∣
ι=0
(
e2,ι · e
′
1,ι
)
= δ̂θΛE2 ·Λ
′E1 +ΛE2 ·
(
δ̂θ′Λ+ δ̂θΛ′
)
E1
= e1 × e2 · δθ
′
= e3 · δθ
′ .
(65)
The linearization of the rates is almost identical to the one of the strains. For convenience,
we present without proof the attendant results in the following theorem:
Theorem 4.2. The linearization of the three time rates (v,W⊥, w‖) is:
δv = δr˙ ,
δW⊥ = Λ
T (I − e3 ⊗ e3)δθ˙ ,
δw‖ = e3 · δθ˙ .
(66)
4.3 Governing equations
Hamilton’s principle of stationary action states that the governing equations of the clamped-free
rod are the Euler-Lagrange equations of the constrained action functional
S =
∫ T
0
(
T − V −
∫ L
0
η · (ΛT r′)×E3 ds
)
dt , (67)
with unknown fields (r,Λ, r˙, Λ˙) in TQ and Lagrange multiplier η : [0, L]→ span(E1,E2). The
main result of the section is as follows:
Theorem 4.3. The Euler-Lagrange equations of the action (67) are:
n′ + n¯ = p˙ , (68a)
m′ + r′ × n = p˙i , (68b)
(ΛT r′)×E3 = 0 , (68c)
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where the stress resultants are defined as
n = n⊥ + n‖ , n⊥ = (Λη)× e3 , n‖ =
∂U˜
∂ǫ
e3 ,
m =m⊥ +m‖ , m⊥ = Λ
∂U˜
∂K
, m‖ =
∂U˜
∂τ
e3 .
(69)
Eq.(68) can be rewritten as(
n‖ +
d
|r′|
× ∇d′m
)′
+ n¯ = p˙+
(
d
|r′|
× ∇d˙pi
)′
, (70a)
m′ · d = p˙i · d , (70b)
where d = e3 =
r′
|r′| . The natural boundary conditions at s = L are
n‖ +
d
|r′|
×
(
∇d′m−∇d˙pi
)
= n˜ , d×m = 0 . (71)
Proof. The first part of the theorem follows from a systematic calculation of δS, the variation
of the action, and the results of Section 3.2, and thus we omit a detailed derivation. It should
be noted that n is the contact force on the cross section, which can be additively decomposed
on an axial part, n‖, and the shear force n⊥, which appears as a result of the constraint. The
contact torque m itself is the sum of the bending moment m⊥ and the torsional moment m‖.
Let d = r′/|r′|. Assuming r is a smooth function in both s and t, and |r′| > 0, condition
(68c) is equivalent to the constraint d = e3. Then, n‖ =
∂U˜
∂ǫ
d and r′ × n = r′ × n⊥. From
Eq. (68b) if follows that
r′ × n⊥ = p˙i −m
′ (72)
Since r′ and n⊥ are perpendicular, the shear resultant can be found to be
n⊥ =
d
|r′|
× (m′ − p˙i) =
d
|r′|
×
(
∇d′m−∇d˙pi
)
(73)
which can be inserted in (68a) to obtain Eq. (70a). Then, projecting Eq. (72) onto the d direction,
Eq. (70b) follows. It bears emphasis that the covariant derivative ensures that the differentiation
is compatible with the underlying manifold structure.
Eqs. (70) are derived solely from variational arguments, including the correct boundary con-
ditions. One possible simplification would be to ignore the contribution of the rotational inertia,
leading to a model discussed by Meier [41], and obtained directly as a projection of the Simo-
Reissner beam theory. Another possible simplification could be to ignore the extensibility of
the beam. A variational derivation of the corresponding governing equations would be almost
identical to the one presented above. However, in this case, both the axial and shear strains
vanish and thus a constraint must be included that not only imposes that r′ is parallel to e3,
as in Eq. (53), but rather that these two quantities are identical. To impose this restriction, the
constraint (53) must be replaced by the stronger one
0 = ΛTr′ −E3 . (74)
Since these are three constraints that must be satisfied pointwise, the field of Lagrange multipliers
that would be required to impose them would be functions from [0, L] to R3. A variational
principle for this class of inextensible, Kirchhoff rods has been presented by Antman [8].
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4.4 Linearization
The governing equation of the Kirchhoff rod, as given by Theorem 4.3 can be linearized resulting
in the Rayleigh model [51], as shown in the following result:
Theorem 4.4. Consider a straight rod with constant cross section, aligned in its reference con-
figuration with the E3 axis and let its centerline position be written as
r(s, t) = u(s, t)E1 + v(s, t)E2 + (s+ w(s, t))E3 . (75)
Assuming that the torsion angle is ϕ, the linearized Euler-Lagrange equations from Theorem 4.3
are:
̺Au¨− ̺I22u¨
′′ + EI22u
′′′′ = n¯1 , (76a)
̺Av¨ − ̺I11v¨
′′ + EI11v
′′′′ = n¯2 , (76b)
̺Aw¨ + EAw′′ = n¯3 , (76c)
̺I33ϕ¨+GI33ϕ
′′ = 0 . (76d)
Eqs. (76a)-(76b) correspond to Rayleigh’s beam equations for bending, including rotational in-
ertia [51]; Eqs. (77c)-(77d) model, respectively, the axial and torsional behavior. The attendant
boundary conditions at s = 0 are
u(0) = 0 and u′(0) = 0 , (77a)
v(0) = 0 and v′(0) = 0 , (77b)
w(0) = 0 , (77c)
ϕ(0) = 0 . (77d)
Lastly, the natural boundary conditions at s = L are:
̺Au¨′ + EI22u
′′′ = n˜1 and EI22u
′′ = 0 , (78a)
̺Av¨′ + EI11v
′′′ = n˜2 and EI11v
′′ = 0 , (78b)
EAw′ = n˜3 , (78c)
GI33ϕ
′ = 0 . (78d)
Proof. Let us introduce the smallness parameter ς and redefine the displacement fields u, v
and w as ςu¯, ςv¯ and ςw¯, respectively. Similarly, the torsion angle ϕ is redefined as ςϕ¯. Such
re-scaled fields allow us to reveal the order of each term in the smallness parameter (ςn with
n = 0, 1, . . . , N, . . . ,∞). The linearization consists in retaining only those terms up to order
n = 1 and therefore, every term for n > 1 is then collected by the term O(ς2) since no further
order distinction is necessary.
Next, we employ the asymptotic expansion to linearize the governing equation and boundary
conditions. For this purpose, the rotation tensor associated to the cross section of the rod can
be expressed as
Λ = I − ςv¯′Eˆ1 + ςu¯
′Eˆ2 + ςϕ¯Eˆ3 +O(ς
2) . (79)
Let us not that Λ is not an arbitrary rotation tensor, but one that guarantees that normal vector
to the cross section remains parallel to r′ and rotates about that same direction an angle ϕ with
respect to the natural frame.
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The following expansions follow directly from the definition of the nonlinear terms:
d =
r′
|r′|
= E3 + ςu¯
′E1 + ςv¯
′E2 + ςw¯
′E3 +O(ς
2) , (80a)
p = ̺Aς ˙¯uE1 + ̺Aς ˙¯vE2 + ̺Aς ˙¯wE3 , (80b)
pi = −̺I11ς ˙¯v
′E1 + ̺I22ς ˙¯u
′E2 + ̺I33ς ˙¯ϕE3 +O(ς
2) , (80c)
d
|r′|
× ∇d˙pi = −̺I22ς ¨¯u
′E1 − ̺I11ς ¨¯v
′E2 +O(ς
2) , (80d)
n‖ = EAςw¯
′E3 +O(ς
2) , (80e)
m = −EI11ςv¯
′′E1 + EI22ςu¯
′′E2 +GI33ςϕ¯
′E3 +O(ς
2) , (80f)
d
|r′|
× ∇d′m = −EI22ςu¯
′′′E1 − EI11ςv¯
′′′E2 +O(ς
2) . (80g)
Replacing these expansions in Eqs. (70)-(71), removing the terms of order O(ς2), and recovering
the original fields u, v, w and ϕ, we finally obtain Eqs. (76)-(78).
5 Interlude: Kirchhoff rods theories with composite rota-
tions
The Kirchhoff rod models described in Section 4 are formulated in a configuration space (26)
identical to the one employed in rods with shear. The Kirchhoff constraint is then variationally
included in the action and Lagrange multipliers are added to impose it.
Several works can be found in the literature where the use of Lagrangemultipliers is avoided by
defining a new configuration space, one in which the constraint is already accounted for, sparing
the need for Lagrange multipliers in the variational formulation (e.g. ,[34, 23, 35, 41, 38]). If
d = r′/|r′|, these references define the rotation of each cross section as a composite map
Λ = exp[ψ dˆ]R[d0,d]. (81)
One rotation R maps d0 to d and is followed by a rotation about d of angle ψ. Such a rotation
definition requires only a smooth field r plus an additional scalar for the second rotation, avoiding
a full parameterization of the rotation field and the use of Lagrange multipliers altogether.
These formulations seem very appealing, since they not only remove the rotation group from
the configuration space, but avoid the use of Lagrange multipliers. They suffer however, from
three drawbacks that might be important. First, this kind of composite parameterizations often
has singularities. A common choice for R[d0,d] is χ[d0,d], the unique rotation that maps d0 to
d without drill defined in Eq. (12), that is undefined when d = −d0. Such singularities might not
be relevant for problems with small rotations, or incremental solutions. However, a complete,
self-contained theory of Kirchhoff rods cannot be based on a singular parameterization.
The second drawback of composite parameterizations is related to the imposition of boundary
conditions. Taking the derivative with respect to the arc-length of Eq. (81) the curvature K
and torsional strain τ can be calculated. A careful derivation shows that, if R is obtained with
expression (12), the strain ω is of the form
ω = k1e1 + k2e2 + (ψ
′ + φ)d , (82)
with kα = (d × d
′) · eα for α = 1, 2, and the torsional part of the strain is not ψ
′ but has and
additional term φ that comes from the torsion of the drill-free frame, as discussed in Section 2.4.
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This new term might result in difficulties for imposing boundary conditions, since the variation-
ally consistent Dirichlet boundary conditions for angles involve ψ and a complex functions of r
and r′.
One could use an intermediate rotation R whose torsion is zero and depends only on the
curve r, that is, Bishop’s frame B. Using such a frame would remove the indeterminacy in the
boundary conditions, since the strain ω would be simply of the form
ω = k1e1 + k2e2 + ψ
′d , (83)
with e1 = BE1, e2 = BE2. While using this frame would solve many of the difficulties alluded
to above, there is no explicit expression for Bishop’s frame depending solely on d0 and d.
The third drawback is more subtle and has not been identified, to the authors’ knowledge,
previously. When using composite frames, the angular velocity is a complex function. For a
Bishop (natural) frame one might expect that the angular velocity of the cross section would be
of the form
w = w1e1 + w2e2 + ψ˙d , (84)
but this is not the case. The component of the angular velocity in the d direction can not be
calculated in closed form, and a Lagrangian can not be formulated in terms of r, ψ and their
derivatives.
To further illustrate this issue, let us compute the angular velocity of the composite rota-
tion (81). It has the form
wΛ = d× d˙+
(
ψ˙ + a · r˙′
)
d , (85)
where
a = −
1
|r′|
d0 × d
1 + d0 · d
. (86)
If the angular velocity is to have a simple expression of the form (84), we could try to replace
the spin rotation exp[ψdˆ] in Eq. (81) by exp[(ψ + ξ)dˆ], so that the new angular velocity would
be of the form
wΛ = d× d˙+
(
ψ˙ + ξ˙ + a · r˙′
)
d , (87)
and the term a · r˙′ could be eliminated by imposing the constraint
ξ˙ + a · r˙′ = 0 . (88)
As proven in Section 2.4, a restriction of this type is non-integrable. Moreover, choosing such a
correction angle might spoil the simple form of the (spatial) curvature of the frame.
To see this more explicitly, consider the convected strain Ω and angular velocity W of the
composite frame whose components in the E3 direction are, respectively, ψ
′ and φ˙. A general
result for the compatibility of strain and angular velocity [6] states that
Ω˙ −W ′ = Ω ×W . (89)
From this relation, a straightforward manipulation gives
ψ˙′ − φ˙′ = d · d′ × d˙ , (90)
proving that, in general, ψ 6= φ.
15
6 Variational principles for transversely isotropic Kirch-
hoff rods
In this section we study rods that have transversely isotropic cross sections, in the sense that the
stored energy function and the in-plane inertia are of the form
U˜(ǫ,K, τ ; s) = U¯(ǫ, |K|, τ ; s) , I⊥ = I⊥(E1 ⊗E1 +E2 ⊗E2) . (91)
We note that |K| = |κ| = |e′
3
| is a scalar bending strain that is frame invariant. This class
of Kirchhoff rods are interesting for two reasons: first, they are very common in applications
and second, they admit certain simplifications in their formulation as compared with the models
presented in Section 4. In particular, the quasistatic formulation admits a greatly simplified
variational principle. The dynamic case, however, demands a careful consideration.
6.1 Quasistatic problems
The simple form of the stored energy function for transversely isotropic rods allows to bypass
completely the use of rotations in the formulation, although a new unknown field, the twist ψ,
is added to account for the torsional deformation. Geometrically speaking, the isotropy of the
bending response avoids the need to pull-back the bending strain to the reference configuration
in order to calculate the bending moment, since it is known a priori that this moment is parallel
to the bending strain. Since the rotation tensor is needed for this transformation and for the
computation of the torsional strain, only the latter remains necessary. In the following derivation,
however, we avoid the use of the rotation altogether by introducing an additional configuration
term.
The configuration space of this model, for the rod clamped at s = 0, is the manifold
Q :=
{
(r, ψ) : [0, L]→ R3 × R, r(0) = 0, r′(0) = E3, ψ(0) = 0
}
, (92)
and the potential energy is the functional
V =
∫ L
0
U¯(ǫ, |K|, τ ; s) ds−
∫ L
0
(n¯ · r + m¯‖ψ) ds− n˜ · r(L)− m˜‖ψ(L) , (93)
with n¯, m¯‖ being, respectively, known fields of forces and tangent moment per unit length, and
n˜, m˜‖ a known point force and a known tangent moment at the end s = L. In this case, the
strain measures have the simple form
ǫ := r′ · d − 1 , |K| := |d′| , τ := ψ′ (94)
where, as before, d := r′/|r′|. The governing equations of this model are obtained as the
stationarity conditions of V .
6.1.1 Strain variations
The strains defined in Eq. (94) are based on the strain measures of the general rod model (cf.
Section 3.2). However, since the rotation is no longer an independent field, the variations also
need to be redefined. To calculate the strain variations we introduce, as in Section 4.2, a curve
of perturbed configurations in Q
(rι(s), ψι(s)) = (r(s) + ι δr(s), ψ(s) + ι δψ(s)) , (95)
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where ι ∈ R, δr : [0, L]→ R3 and δψ : [0, L]→ R are arbitrary fields that satisfy
δr(0) = 0 , δψ(0) = 0 . (96)
The advantage of the new configuration space is apparent already, since the definition of the
perturbed configurations is additive, avoiding the use of the exponential map.
The variations of the strain measures are presented in the following result.
Theorem 6.1. The variations of the strains in the transversally isotropic Kirchhoff rod are:
δǫ = d · δr′,
δ|K| = d×
d′
|d′|
· δβ′,
δτ = δψ′.
(97)
with
δβ :=
1
|r′|
d×∇d′δr . (98)
Proof. The variations of ǫ, |K| and τ are obtained by a systematic application of the chain rule
and the definition of the perturbed configurations (95). For convenience, we write
δd =
∂
∂ι
∣∣∣∣
ι=0
r′ι
|r′ι|
=
1
|r′|
(δr′ − (d · δr′)d) =
(
1
|r′|
d× δr′
)
× d =
(
1
|r′|
d×∇d′δr
)
× d , (99)
and we define the last parenthesis to be equal to δβ, an arbitrary vector field on the rod,
orthogonal to d. The variation of ǫ then follows trivially.
To calculate the variation of the bending strain |K|, it is convenient to write a one-parameter
curve of directors in the form
dι = exp[ι δ̂β]d , (100)
whose derivative with respect to the arc-length is
d′ι = skew
[
dexp[ι δ̂β]ιδβ′
]
exp[ι δ̂β]d+ exp[ι δ̂β]d′ . (101)
Thus, the variation of δd′ is
δd′ =
∂
∂ι
∣∣∣∣
ι=0
d′ι = δβ
′ × d+ δβ × d′, (102)
which, together with
δ|K| = δ|d′| =
1
|d′|
d′ · δd′ , (103)
yields the variation of the second strain. The variation of the torsional strain is trivial.
6.1.2 Quasistatic equilibrium equations
The equilibrium equations of the rod are obtained from the Euler-Lagrange equations of the
potential energy.
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Theorem 6.2. The equilibrium equations for a transversely isotropic Kirchhoff rod are:(
n‖ +
d
|r′|
× ∇d′m⊥
)′
+ n¯ = 0 ,
m′‖ + m¯‖ = 0 ,
(104)
where the stress resultants are defined as
n‖ =
∂U¯
∂ǫ
d , m⊥ =
∂U¯
∂|K|
d×
d′
|d′|
, m‖ =
∂U¯
∂τ
, (105)
and the natural boundary conditions at s = L are
n‖ +
d
|r′|
× ∇d′m⊥ = n˜ , m⊥ ×
d
|r′|
= 0 m‖ = m˜‖ . (106)
Proof. The theorem follows from a systematic calculation of δV , the variation of the potential
energy, which is developed next:
δV =
∫ L
0
[
∂U¯
∂ǫ
δǫ+
∂U¯
∂|K|
δ|K|+
∂U¯
∂τ
δτ − n¯ · δr − m¯‖δψ
]
ds− n˜ · δr(L)− m˜‖δψ(L)
=
∫ L
0
[
∂U¯
∂ǫ
d · δr′ +
∂U¯
∂|K|
d×
d′
|d′|
· δβ′ +
∂U¯
∂τ
δψ′ − n¯ · δr − m¯‖δψ
]
ds− n˜ · δr(L)− m˜‖δψ(L).
(107)
Defining the axial force, bending, and torsion moment, respectively, as in Eq. (105) and inte-
grating by parts, it follows that
δV =
∫ L
0
[
−(n′‖ + n¯) · δr −∇d′m⊥ · δβ − (m
′
‖ + m¯‖)δψ
]
ds
+ (n‖(L)− n˜) · δr(L) +m⊥(L)×
d(L)
|r′(L)|
· δr′(L) + (m‖(L)− m˜‖)δψ(L) .
(108)
Finally, expanding δβ as in Eq. (98), and integrating by parts a second time we arrive at the
final expression for the variation:
δV =
∫ L
0
[
−
(
(n‖ +
d
|r′|
× ∇d′m⊥)
′ + n¯
)
· δr − (m′‖ + m¯‖)δψ
]
ds
+ (n‖(L) +
d(L)
|r′(L)|
× ∇d′m⊥(L)− n˜) · δr(L)
+m⊥(L)×
d(L)
|r′(L)|
· δr′(L)
+ (m‖(L)− m˜‖)δψ(L) .
(109)
Using the condition δV = 0 and the arbitrariness of the variations, the theorem is proved.
6.2 Difficulties with dynamic problems
The variational principle of transversely isotropic Kirchhoff rods can be recovered from the
general case when the rotation field is chosen to be the composition of Bishop’s frame and a
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rotation of angle ψ around the tangent vector d. As a result of the isotropy, Bishop’s frame does
not play any role and its calculation can be avoided, leaving a model with only four unknown
fields, namely, the three components of r and ψ.
The simplicity of the four-field formulation makes it very appealing for its use in numerical
computations and it has been exploited in many works. Its extension to dynamical problems has
also been considered, but not always in a fully correct fashion.
In a transversely isotropic rod the strain measure ω can be expressed as
ω = d× d′ + ψ′ d (110)
and Ω = ΛTω, when Λ is the composite rotation based on Bishop’s frame. In view of the
parallelism between the strain ω and the spatial angular velocity w, it is tempting to assume
that the latter must be of the form
w = d× d˙+ φ˙d , (111)
where the spin velocity satisfies φ˙ = ψ˙. This formula for the angular velocity has been used in
the past [35], but it is not true, in general, as discussed in Section 5.
6.3 Variational formulation of dynamic problems
It remains to find a variational formulation for dynamic problems of transversely isotropic Kirch-
hoff rods, one that take advantage of the four-field formulation. As discussed before, this is not
straightforward because there is no simple way to express the kinetic energy in terms of r and
ψ. To formulate the full kinetic energy it is thus necessary to introduce the rotation field again
in the variational principle.
One might keep the advantages of the four-field formulation by neglecting the kinetic energy
associated to the spin around d = r′/|r′|, i.e. , assuming its density to be of the form
k =
1
2
Aρ|r˙|
2 +
1
2
w⊥ · i⊥w⊥ , (112)
where w⊥ = d × d˙. In view of the isotropy property of the beam, the latter can be written
simply as
k =
1
2
Aρ|r˙|
2 +
1
2
i⊥|d˙|
2 . (113)
This approximation on the form of the kinetic energy precludes the use of the model for prob-
lems in which a rod spins around it centerline although it might be an admissible assumption for
many practical problems (cable deployment, DNA modeling, etc.) and has often been neglected
tacitly (e.g. , [27]). In any case, since the field ψ will appear in the governing equations of the
model, but not its rate nor acceleration, the latter will admit torsional waves of infinite speed. In
order to recover the structure of an hyperbolic initial boundary-value problem one might choose
to regularize the kinetic energy (113) by defining it to be
k =
1
2
Aρ|r˙|
2 +
1
2
i⊥|d˙|
2 +
1
2
i‖ψ˙
2 , (114)
recognizing from the outset that this is not the exact expression for the kinetic energy but
merely a convenient approximation. We present next the variational formulation and governing
equations of the transversely isotropic Kirchhoff rod with the approximated kinetic energy (114).
As in the general case, we use Hamilton’s principle of stationary action to derive the governing
equations for the rod under consideration.
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In contrast with the model presented in Section 4, the variational principle for the model
under consideration does not include any constraint. The action functional is of the form
S =
∫ T
0
(T − V ) dt , (115)
where the kinetic energy T is the integral over the rod of the density k as given by Eq. (114) and
the potential energy V is defined in Eq. (93). The Euler-Lagrange equations of the action (115)
are obtained using the same type of calculations as in previous models. We present without proof
the main result:
Theorem 6.3. The dynamic equilibrium equations of a transversely isotropic Kirchhoff rod are:(
n‖ +
d
|r′|
× ∇d′m⊥
)′
+ n¯ = p˙+
(
d
|r′|
× ∇d˙pi⊥
)′
,
m′‖ + m¯‖ = π˙‖ ,
(116)
where the stress resultants are defined in Eq. (105), and the natural boundary conditions at s = L
are
n‖ +
d
|r′|
×
(
∇d′m⊥ −∇d˙pi⊥
)
= n˜ , m⊥ ×
d
|r′|
= 0 m‖ = m˜‖ . (117)
We conclude this section reflecting upon whether the use of dynamic formulations for trans-
versely isotropic Kirchhoff rods is a sensible choice or not. As discussed at length, this type of
models always entails approximations on the kinetic energy that can only be justified by arguing
that the torsional effects play a small role in the model. In these cases, however, one wonders if
it would not be better to employ, from the outset, a rod model that completely eliminates the
torsion from the equations [44].
7 A joint variational principle for general and transversely
isotropic Kirchhoff rods
Sections 4 and 6 discuss, respectively, variational principles for general and transversely isotropic
Kirchhoff rods. The configuration space defined for the first type of rods is too rich, and Lagrange
multipliers have to be used in the variational principle to constrain the rod’s kinematics. This is
in contrast with the configuration space of the second kind, which fits exactly the kinematics of
the rod and makes unnecessary to employ constraints in the corresponding variational principle.
On the downside, this latter formulation is only valid for transversely isotropic rods.
In this section we propose a third variational principle that is valid for rods of general cross
sections, but simplifies when the model is transversely isotropic. As with the principles of
Section 6, the new functional is strictly exact only for quasistatic problems. Its extension to
dynamic problems requires that the part of the kinetic energy associated with the rotation of
the cross section about its director be neglected.
The idea of the new developments is to use, as in previous sections, Hamilton’s principle of
stationary action to obtain the equations of motion of Kirchhoff rods, but in a way that the
solution of certain fields can be decoupled from the rest of unknowns when the rod is transversely
isotropic. In the general case, the variational principle is completely equivalent to the one studied
in Section 4 if the problem is quasistatic or the contribution from the inertia mentioned above
is ignored.
20
The new principle is defined in terms of the unknown fields r,Λ, ψ : [0, L]→ R3×SO(3)×R
and the Lagrange multipliers η, µ : [0, L] → R2 × R. The unknown fields refer, as in previous
sections, to the position of the curve of centroids, the section orientation, and the torsional angle.
Based on these, the potential energy of the rod has the usual form
V =
∫ L
0
U˜(ǫ,K, τ ; s) ds−
∫ L
0
(n¯ · r + m¯‖ ψ) ds− n˜ · r(L)− m˜‖ψ(L) , (118)
but now the strain measures are defined as
ǫ := r′ · d− 1 , K := ΛTκ , τ := ψ′ , (119)
with
d :=
r′
|r′|
, κ := d× d′ . (120)
We note that the strain measures are completely identical to the ones defined in Eqs. (28)-
(31) and Eq. (94) when the Kirchhoff constraint is verified, but the arguments are different.
In contrast with the model of Section 6, the full bending strain enters now the stored energy
function, but the role played by the rotation Λ in the definition of ǫ and K is different than in
the general model of Section 4.
Next, the kinetic energy is defined to be
T =
∫ L
0
(
1
2
|r˙|2 +
1
2
w⊥ · i⊥w⊥
)
ds , (121)
with w⊥ = d× d˙. We recall that the rotational part of this energy can be written with convected
objects using the relation:
1
2
w⊥ · i⊥w⊥ =
1
2
W⊥ · I⊥W⊥ . (122)
Finally, to impose Kirchhoff’s constraint and that ψ be the torsional angle, we define the action
of the model as the constrained functional:
S :=
∫ T
0
[
T − V −
∫ L
0
(
µ · (ψ′ −Ω ·E3) + η · (Λ
Tr′ ×E3)
)
ds
]
dt . (123)
Barring the simplifications in the definition of the kinetic energy, the actions (123) and (67)
are clearly equivalent, the only difference being the addition of a new variable ψ defined by the
relation ψ′ = Ω ·E3.
7.1 Strain and velocity variations
The definitions of the strains (119) and the kinetic energy density in Eq. (121) are different from
the ones of Sections 4 and 6, although identical when the Kirchhoff constraint is verified. Their
variations will be used in Section 7.2 and need to be calculated anew.
To this end, let us define the configuration space for this principle considering, for simplicity,
once again the case of a rod clamped at the end s = 0:
Q :=
{
(r,Λ, ψ,η, µ) : [0, L]→ R3 × SO(3)× R× R2 × R , r(0) = r¯, Λ(0) = Λ¯, ψ(0) = 0
}
.
(124)
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Proceeding as in Sections 4 and 6, we define the one-parameter curve of configurations
(rι,Λι, ψι,ηι, µι) =
(
r + ιδr, exp[ιδˆθ]Λ, ψ + ιδψ,η + ιδη, µ+ ιδµ
)
(125)
where ι ∈ R, and δr, δθ, δψ, δη, δµ being arbitrary variations with the properties
δr(0) = 0 , δθ(0) = 0, δψ(0) = 0 , (126)
vanishing at t = 0. Then, a systematic application of the concept of linearization yields the
following result, which we present without proof since it is very similar to Theorem 6.1.
Theorem 7.1. The variations of the strains (119) are:
δε = d · δr′ ,
δK = ΛT (κ× δβ + δθ × κ+∇d′δβ) ,
δτ = δψ′ ,
(127)
with δβ defined as in Eq. (98). Similarly, the variation of the convected angular velocity is given
by
δW⊥ = Λ
T
(
w⊥ × δβ + δθ ×w⊥ +∇d˙δβ
)
. (128)
7.2 Governing equations
The stationarity conditions of the action (123) are completely equivalent to Eqs. (70), as the
following result shows:
Theorem 7.2. The Euler-Lagrange equations corresponding to the action (123) are:(
n‖ +
d
|r′|
× ∇d′m⊥
)′
+ n¯ = p˙+
(
d
|r′|
× ∇d˙pi⊥
)′
, (129a)
(m⊥ +m‖d)
′ · d+ m¯‖ = p˙i⊥ · d , (129b)
where the stress resultants are defined in Eq. (105). The attendant natural boundary conditions
at s = L are:
n‖ +
d
|r′|
×
(
∇d′m⊥ −∇d˙pi⊥
)
= n˜ ,
d
|r′|
×m⊥ = 0 ,
m‖ = m˜‖ .
(130)
The natural boundary conditions at s = L follow easily from the last integral in Eq. (132) and
the arbitrariness of the variations at the free end of the beam.
Proof. The variation of the action gives:
δS =
∫ T
0
[∫ L
0
(Aρr˙ · δr˙ + I⊥W⊥ · δW⊥) ds
−
∫ L
0
(
∂U
∂ǫ
δǫ+
∂U
∂K
· δK +
∂U
∂τ
δτ − n¯ · δr − m¯‖δψ
)
ds+ n˜ · δr(L) + m˜‖ δψ(L)
−
∫ L
0
(δµ(ψ′ −Ω ·E3) + µ(δψ
′ − δΩ ·E3)) ds
−
∫ L
0
(
δη · (ΛTr′ ×E3) + η · (δΛ
Tr′ ×E3 +Λ
T δr′ ×E3)
)
ds
]
dt .
(131)
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Replacing the formulas (127)-(128) for the variations, using the property that the variations
vanish at t = 0, integrating by parts in time the first integral and in arc-length the remaning
ones, we get, after some straightforward manipulations:
δS =
∫ T
0
∫ L
0
[
−Aρr¨ +
∂
∂s
(
n‖ +
d
|r′|
×m′⊥ −
d
|r′|
×
∂
∂t
(i⊥w⊥)
)
+ n¯
]
· δr ds dt
+
∫ T
0
∫ L
0
[κ×m⊥ + r
′ × n⊥ + (µ e3)
′ −w⊥ × (i⊥w⊥)] · δθ ds dt
+
∫ T
0
∫ L
0
[(
m′‖ − µ
′ + m¯‖
)
δψ + (ψ′ −Ω ·E3) · δµ+
(
Λ
T r′
)
×E3 · δη
]
ds dt
+
∫ T
0
[[(
d
|r′|
×
∂
∂t
(i⊥w⊥)−
d
|r′|
×m′⊥ − n‖
)
· δr
]L
0
+ n˜ · δr(L) + m˜‖ δψ(L)
+
[
d
|r′|
×m⊥ · δr
′
]L
0
− [µe3 · δθ]
L
0
+
[
(µ−m‖) δψ
]L
0
]
dt .
(132)
Next, we show that the condition δS = 0 gives the same differential equations of the general rod
model described in Section 4. First, we note that the Lagrange multipliers impose strongly the
conditions
µ′ = m′‖ + m¯‖ , ψ
′ = Ω ·E3 , (Λ
Tr′)×E3 = 0 . (133)
The first of these conditions provides an interpretation for the Lagrange multiplier µ. The second
one identifies ψ as the torsion angle. The third one is equivalent to the relation d = e3. We will
use these relations to simplify the notation in the expressions that follow.
Since the variations δr are arbitrary, the first integral in Eq. (132) must vanish, and thus
(n‖ + n⊥)
′ +
(
d
|r′|
× ∇d′m⊥
)′
+ n¯ = p˙+
(
d
|r′|
× ∇d˙pi⊥
)′
, (134)
with n⊥ = (Λη)×e3. Next, we consider the second integral in Eq. (132), which must also vanish
in view of the arbitrariness of the variation δθ. Hence
κ×m⊥ + r
′ × n⊥ + (µd)
′ = w⊥ × pi⊥ . (135)
Deriving the relation 0 =m⊥ · d with respect to the arc-length we get that m⊥ · d
′ = −m′⊥ · d,
and it follows that
k ×m⊥ = (d× d
′)×m⊥ = (m
′
⊥ · d)d. (136)
Then, projecting both sides of Eq. (135) in the direction of d and using Eq. (136) we obtain:
m′ · d = p˙i⊥ · d , (137)
with m =m⊥ + µd. Using Eq. (133), a simple manipulation of Eq. (137) yields
(m⊥ +m‖d)
′ · d+ m¯‖ = p˙i⊥ · d , (138)
which coincides with Eq. (129b). Projecting Eq. (136) onto the plane orthogonal to d we get
r′ × n⊥ + µd
′ = 0 , (139)
from where we can obtain the closed form expression for the symbol n⊥:
n⊥ = µ
d
|r′|
× d′ =
d
|r′|
× ∇d′(µd) . (140)
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Replacing the value of n⊥ in Eq. (134) we arrive at the final expression:(
n‖ +
d
|r′|
× ∇d′m⊥
)′
+ n¯ = p˙+
(
d
|r′|
× ∇d˙pi⊥
)′
. (141)
Interestingly, when formulating this variational principle for a transversely isotropic rod sev-
eral simplifications follow. First, by definition, the stored energy function depends on K only
through its modulus, so the potential energy is not a function of the section orientation. Then,
again by definition of isotropy, the inertia I⊥ is a multiple of the identity in span(E1,E2), and
thus the kinetic energy does not depend on the section orientation either. As a result, for the
transversely isotropic case, the fields r, ψ can be found by applying Hamilton’s principle to the
action (123) without solving for Λ,η, µ. In a way, the problem decouples: the solution for r, ψ
is independent of the rest of unknowns, which can be calculated after the expressions for the
former are found. In many practical applications, the latter might even be superfluous.
It bears emphasis that the action (123) is not just the action of one of the two models
presented, respectively, in Sections 4 and 6, with some added terms. The key for this new
variational formulation is the reparametrization of the strain measures and the approximation
of the kinetic energy. In fact, it is easy to verify that the functional of Section 4 for general rods
does not simplify when the model is transversely isotropic.
8 Summary
This article presents a systematic analysis of Kirchhoff rods for general and transversely isotropic
cross sections. The framework is that of variational analysis that, elegantly, provides the gov-
erning and boundary, conditions of each model, and helps to identify potential pitfalls in their
geometric setting.
The first result is a variational principle for general rods that can deform axially, in bending,
and in torsion, but not in shear. This is a minor modification of the well-known counterpart
of inextensible Kirchhoff rods and provides a clear illustration of the formulation of structural
models by means of constrained variational principles.
A very common motivation for mechanicians is the development of a constraint-free theory
for Kirchhoff rods. We discuss that this is just possible, in the quasistatic case, for transversely
isotropic beams, and we provide the corresponding variational principle. For dynamic problems
we argue that it is not possible to find an exact constraint-free theory, not even for transversely
isotropic rods. For the latter case we postulate approximate models that admit a variational
principle free of any constraint.
The previous results provide two alternative variational principles: one valid for any Kirchhoff
rod – but constrained – and a second, constraint-free, valid for transversely isotropic rods. With
a view in numerical methods, we propose a third route: a variational principle that is valid for
general Kirchhoff rods but simplifies in the transversely isotropic case, so that the constraints
can be solved pointwise in closed form, as long as the kinetic energy is approximated.
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